The zero-temperature limit in perturbative statistical mechanics for many-fermion systems is investigated. It is shown that this leads to the consideration of a different reference Hamiltonian, or more precisely, a different self-consistent mean-field, at each order in many-body perturbation theory. The corresponding perturbation series satisfies at each order and for all temperatures the thermodynamical relations associated with Landau Fermi-liquid theory. The associated reference single-particle energy spectra however are in general inconsistent with the dynamical aspects of Fermi-liquid theory. Nevertheless, it may be argued that this particular perturbation series is, in a sense, the proper one for numerical calculations of thermodynamic potentials.
Introduction.-In the present paper we advance the perspective on and give a concise summary of a method and associated results in many-body perturbation theory (MBPT) for Fermi systems developped by Balian and De Dominicis in Refs. [1] [2] [3] [4] and [5] which are directly based on earlier papers by Balian, Bloch, and De Dominicis [6, 7] (see also [8] [9] [10] ). Related papers 1 were published by Horwitz, Brout and Englert [13, 14] (and [15] ) as well as Luttinger, Kohn, and Ward in [16] [17] [18] [19] and [20] . Two central questions developped in these papers are (I) what are properties of the explicit expressions for and relations between thermodynamic quantities of interacting Fermi systems?, and (II) is the zero-temperature limit of these quantities consistent with the common 'adiabatic' zero-temperature formalism? 2 It may seem that the first and somewhat more extensive question (I) has no definite answer in MBPT, since there one must expect to be dealing with (non-summable) divergent asymtotic series. For the present paper, the question is interpreted to concern the identification of relations that are preserved at each order in certain (hierarchically ordered) sequences of truncated series derivable within MBPT via explicit resummations or self-consistency methods. Question (II) then adresses the zero-temperature limit of these 'special' perturbation series. In particular, is this limit consistent with series derivable within zero-temperature MBPT? A related principal question is (III) what is the optimal series for explicit calculations in MBPT?
Question (III) may depend at least for practical reasons on the specific problem at hand. A possible answer to (III) may be given in terms of the self-consistent Green's functions method (SCGF) where all-order 'resummations' of non-skeleton diagrams are performed (leading to the renormalization of the single-particle propagators) in frequency space (cf. e.g., [21, 26] ).
3 SCGF also powerfully (but not * E-mail: wellenhofer@theorie.ikp.physik.tu-darmstadt.de 1 See also Refs. [11] and [12] for extended discussions of some aspects. 2 For details regarding the zero-temperature formalism see for example the textbook by Fetter and Walecka [21] as well as the paper by Goldstone [22] ; the essential difference between 'zero-temperature MBPT' and thermostatistical MBPT is that the former is based on the 'adiabatic switching-on-and-off of the perturbation'. For a recent discussion of (II) see also Ref. [23] (and also [24, 25] , but note the justified criticism of these papers in Ref. [23] ). 3 An alternative method, associated with a different kind of resummation, is the 'coupled cluster' method (cf. e.g., [27] ). The SCGF, i.e.,
infallibly [31, 32] ) adresses (I) (and is positive on (II)), see Refs. [17-19, 31, 32] .
In this paper we propose that the method developped by Balian and De Dominicis (et al.) allows to give a second, somewhat more direct (since it is not formulated in frequency space), answer to question (III) for thermodynamic potentials. This is achieved via the application of a (orderby-order) definition of the self-consistent single-particle potential (the 'mean-field') based on functional derivatives of a certain subclass of perturbative contributions ('normal contributions') to the grand-canonical potential Ω, which has the effect that contributions of the complimentary classreferred to as 'anomalous contributions'-are removed. The elimination of the 'anomalous contributions' 4 leads to the exact validity to all orders of certain relations between thermodynamic quantities that are identical with those of the phenomenological Landau Fermi-liquid theory (LFLT, cf. [33] ) of quasiparticles (but, in contrast to usual assumptions in LFLT, these relations are valid not only approximately for low for but are exact for all temperatures). The dynamical picture of LFLT concerns the asymptotic stability of single-mode excitations relative to the ground state, a property derivable in SCGF [18, 19] . Remarkably, enforcing this dynamical picture in the method by Balian and De Dominicis leads to a deviating definition of the self-consistent single-particle potential (i.e., the energies of dynamical and stastical quasiparticles are different, [33, 34] ), and in this sense, the dynamical and statistical aspects of LFLT must be strictly distinguished.
Futhermore, regarding (II) the answer of 'standard' grand-canonical MBPT without a self-consistent mean-field is (for liquids also qualitatively [35] ) negative for homogeneous systems without a gap at the Fermi surface. For gapped systems (e.g., electric insulators) or the discrete (closed-shell, cf. [23] ) case however the 'standard' answer the renormalization of single-particle propagators, has been generalized to vertex functions by De Dominicis and Martin [28, 29] (see also e.g., [9, 30] ). In this paper we restrict the discussion to the renormalization of single-particle quantities in (equilibrium) MBPT. 4 Notably, the method by Balian and De Dominicis (et al.) allows for a second (order-by-order) definition of the self-consistent meanfield that also 'resums' anomalous contributions (in a different way). The corresponding perturbation series however is ill-behaved in the parameter space close to the degenerate limit T /µ → 0, see below Eq. (17) A positive answer to (II) one also be generated for homogeneous system by transforming the series for the grand-canonical potential Ω(T, µ) to a series for the free energy F (T,μ) (where in generalμ = µ, and accordingly ε k F = ε F ) [12, 14, 16, 35] . The present paper is organized as follows. We first discuss the zero-temperature limit in 'standard' MBPT, contrast the gapped and gapless cases of the reference single-particle spectrum {ε k }, and conclude that the consistency of the zero-temperature limit requires the elimination of anomalous contributions and in consequence the renormalization of the spectrum {ε k } at each order. We then show how this is accomplished via a specific (order-by-order) definition of the self-consistent single-particle mean-field. This accomplishment is then investigated further, i.e., we derive the 'statistical-quasiparticle relations' for thermodynamic quantities, and show that the associated quasiparticle energies defiate from the energies of the quasiparticles associated with dynamical Fermi-liquid theory. Finally, it is concluded that the specific 'statistical-quasiparticle' perturbation series may be regarded as the 'proper' one for numerical calculations of many-fermion thermodynamics.
Zero-Temperature Limit in MBPT.-Many-body perturbation theory (MBPT) is based on the splitting of the Hamiltonian H in a reference (one-body) part H 0 for which the Schrödinger equation is solvable and which thereby detemines a reference single-particle basis with spectrum {ε k }, and a perturbation V = H − H 0 .
5 In zero-temperature MBPT (referenced by a superscript "(0)") the perturbation series of order N for the ground-state energy E (0) has the form
with ε k F the reference Fermi energy. The particle number is given by
The perturbation series for the grand-canonical potential in general has a similar but different form
5 For conciseness and withouth loss of generality, we assume that V is a two-body Hamiltonian. 6 For a continuous spectrum, the sum over momentum states k is replaced by an integral, and the various thermodynamic quantities are replaced by their densities. 7 Here
The expression for the particle number then follows from N N (T, µ) = −∂Ω N (T, µ)/∂µ. In the case where H 0 is the kinetic energy operator, the first anomalous contribution in Eq. (2) occurs for n a = 2. By definition, the expressions for anomalous contributions involve terms
Such terms are also present all contributions to N N (T, µ) from Ω n≥1 .
Gapped Case. In the case of a discrete spectrum 9 or a continuous spectrum with a gap at the Fermi surface (insulator) one has for the energy of the highest occupied reference single-particle state max[ε i ] = ε F − ∆, 10 thus
In that case, Eq. (1) and (2) are consistent with each other, i.e., the zero-temperature limits of the free energy and the particle number are given by
As first noted by Kohn and Luttinger [16] , this entails that the 'true' (in the perturbative sense) Fermi energy ε F is (in the gapped case) always identified with the reference Fermi energy ε k F which depends on the choice of H 0 (I).
Gapless Case. In contrast, for a homogeneous system without a gap the anomalous contributions do not vanish in the zero-temperature limit (since
, and therefore the zero-temperature limit is not consistent with the zero-temperature formalism, i.e.,
To remedy this deficiency one can introduce a 'mean-field chemical potential'μ = µ defined via
If one now expands all contributions to F N (T, µ) about µ one obtains a series F N (T,μ) that involves additional anomalous contributions which cancel the 'old ones' in the zero-temperature limit, i.e., (see Refs. [12, 14, 16] for details)
where now
. By construction, the results obtained form F N (T,μ) differ from F N (T, µ), in particular near the degenerate limit.
11
At this stage, there is therefore no consistent way to go from ∆ = 0 to ∆ = 0 at finite temperature (II).
Resolution of Both Cases. The resolution of the two issues marked by (I) and (II) is done simultaneously. Issue (I) points to the requirement of conditions that determine the reference Hamiltonian H 0 unambiguously. Issue (II) may be attacked by asking how the series F N (T,μ) and F N (T, µ) need to be transformed to obtain equivalent results. Sinceμ is determined by the reference Hamiltonian alone, (II) is clearly intimately tied to (I). The resolution of both issues then consists of a application of the particular reference Hamiltonian at each order N in MBPT, defined via a self-consistent single-particle potential
= is a function of the single-particle momentum k (at fixed T and µ (orμ)) and a functional of the spectrum {ε k } that satisfies the self-consistent equation
The main technical difficulty in solving this equation numerically for a continuous spectrum lies in the presence of principal-value integrals (for N ≥ 4, also the Hadamard finite part appears) in the expression for Elimination of Anomalous Contributions.-In the case of a Hartree-Fock spectrum, the first anomalous contribution arises at fourth order in MBPT. For a given truncation order N , introduce now higher-order contributions to the mean-field, U 2 , U 3 , . . ., U N . This introduces additional diagrams at orders 2, 3, . . . , N , compromised of two types: (i) Hartree-Fock type diagrams corresponding to expectation values of −U 2 , −U 3 , . . ., −U N , and (ii) starting at fourth-order, non-skeleton diagrams 13 where at least one 'insertion' is replaced by the corresponding mean-field contribution U n .
Two such additional diagrams are shown in Fig. 1 . The first diagram corresponds to −U 4 , the second is a normal diagram with a −U 2 insertion. The third and fourth are diagrams without mean-field insertions, the third (labelled a) a 'normal' and the fourth (labelled b) an 'anomalous' non-skeleton; these two diagrams are 'entangled ', i.e., they transform into each other under cyclic vertex permutations.
FIG. 1. Some particular fourth-order Hugenholtz diagrams.
The (partially schematic 14 ) expression associated with the cyclic sum of diagrams that includes a and b is given by [12] 15
11 It can be seen on formal grounds that in general the F N (T,μ) results are superior to the F N (T, µ) ones, cf. [12] . 12 This applies to the homogeneous case; in the discrete case, the corresponding single-particle Schrödinger equation needs to be solved. 13 Non-skeleton diagrams are diagrams with 'insertions'. Insertions are those parts of a given non-skeleton that can be disconnected by cutting two lines only; by momentum conservation, these 'articulation lines' carry identical indices. One can distinguish between sets of 'normal' articulation lines where all lines are either holes or particles, and 'anomalous' sets with both holes and particles. 14 In Eq. (12), f ij... andf ab... denote products of (hole and particle type, respectively) distribution functions, i, j, . . . and a, b, . . . are single-particle quantum numbers, and [V ] represents the string of matrix elements of the two-body potential. 15 In finite-temperature MBPT, the expression associated with a given This expression has the property that it is regular for the case where any of the energy denominators E 1 , E 2 vanish. In that sense, it is the 'natural' expression calculating the contribution from diagrams a and b and their cyclic sisters. However, and this is the basic technical point, modifying the expressions associated with non-skeletons at successive order allows to identify the 'statistical quasiparticle form'-denoted by {U II n }-of U 2 , U 3 , . . . , U N , i.e., the form that entails the absence of anomalous contributions in the perturbative expression for F N (and F N ) . 16 The modification of the expressions associated with non-skeletons that determines U II N = N n=1 U II n can be divided in to three steps: reduction ( * ), disentanglement ( * * ) and regularization ( * * * ).
The reduction 17 has the effect that the expressions associated with normal non-skeletons have the same form as the corresponding expression in zero-temperature MBPT, in the present case
where the limit is formal since the expression for Ω * a (T, µ) is singular for a continuous spectrum. Note that using f k f k = f k (1 −f k ) this expression can be decomposed into two parts, where the second one vanishes in the zerotemperature limit. Now, it can be seen explicitly that the second term (∼ f kfk ) is cancelled if Eq. (13) is substracted from Eq. (12) . The disentanglement systematizes cancellations of this sort.
18 It has two effects: for a (closed) set of 'normal' articulation lines with a given index k there is now only one distribution function f k , and all anomalous contributions (which are now associated with the sums of 'cyclically-related' anomalous diagrams) now have a form where insertions are factorized, i.e., in the present case
diagram is not uniquely defined; only the contributions associated with sums of diagrams that transform into each other under cyclic vertex permutations is unambiguous [7, 9, 12] . 16 It suffices to have {U II 2 , U II 3 , . . . , U II N −2 } for the cancellation of anomalous contributions at order N , but {U II 2 , U II 3 , . . . , U II N } is required for statistical quasiparticles. 17 This corresponds to Eq. (40) in Ref. [7] , cf. also [12] Secs. 2.2-2.5 for details. 18 The systematic disentanglement corresponds to evaluating ensemble averages in terms of cumulants [14] (cf. also [12] Sec. 2.4 for details)
.
The factorization of anomalous insertions defines the formal expressions for the various U II n . The final step (necessary only for a continuous spectrum) consists of the regularization of the (singular, for poles of even degree) contributions from the vicinity of the energy-denominator poles. This can be achieved by introducing an average 19 over permutations of the integration order "Av." as well as the (Hadamard) finite part "P" for each individual integral [12] . 20 In the present case we then have Ω * , * * , * * * a
Av.
The general definition of the 'statistical quasiparticle meanfield' is then given by
whereΩ n denotes the contribution of order n ≥ 1 with the (negative) mean-field expectation values { −U I n } excluded (e.g., first diagram of Fig. 1) .
Notably, as mentioned aleady in a footnote, there is a different definition of the self-consistent mean-field U III N = N n=1 U III n that also (in a different way) eliminates the anomalous contributions (as well as perturbative contributions beyond the mean-field to the (reducible) singleparticle propagator [5] ) but leads to different relations between thermodynamic quantities [12] :
i.e., the only difference is that the reduction ( * ) is replaced by a "direct" prescription 22 The perturbation series corresponding to U III N is singular (for N ≥ 6) at each order in the zero-temperature limit [12] , but reproduces the virial expansion in the classical limit [10] (consequently, this series may still be imperative for high values of T /µ).
Statistical vs. Dynamical Quasiparticles.-With U = U II N , the perturbation series of order N has the form
where the second form is stationary under variations of the distribution functions. This immediately leads to the following expressions for the particle number N 
Since δD/δf k = U II N,k , the variation of the internal energy δE
Eqs. (20) , (21) and (23) are tantamount to the notion 'statistical quasiparticles'. Notably, the statistical quasiparticle energies deviate from the energies of the asymptotic (with respect to time, temperature, and the distance to the Fermi surface) dynamical quasiparticles (cf. also [33, 34] ). This can be seen as follows. The notion of dynamical quasipartices can be based on a theorem [19] that entails the vanishing of the imaginary part J k (ω, T, µ) of the irreducible Fourier-space single-
, where the Fermi energy ε F is determined by solving the 'on-shell condition' for k = k F , i.e., [18, 19] 
In [19] , the property J k F (ε F ± iη, 0, ε F ) = 0 was derived using self-consistent Green's functions [26] , but the selfenergy Σ k (ω, T, µ) can also be calculated 'perturbatively' using 'bare' propagators and a reference Hamiltonian with self-consistent mean-field
Requiring that J k F (ε F ± iη, 0, ε F ) = 0 also in that case leads to the constraint
whereK n,k denotes the sum of all diagrams contributing to K n,k excluding the Hartree-Fock type ones −U
This constraint is not compatible with the definition of U II N 23 , therefore the energies of statistical and dynamical quasiparticles are different (for N ≥ 4).
Conclusion.-In this paper we have discussed certain issues concerning the proper application of MBPT for Fermi systems, in particular its formal consistency regarding the zero-temperature limit of gapless homogeneous systems and gapped (or discrete) systems. We arrived at a definition of a self-consistent reference single-particle potential or meanfield U II N that eliminates the anomalous contributions and leads to relations between thermodynamic quantities that are tantamount to 'statistical' Landau Fermi-liquid theory. The associated statistical-quasiparticle energies deviate from the ones associated with dynamical quasiparticles. Now, besides ensuring consistency in the degenerate limit, the sequence of these mean-fields {U II N } may by itself be seen as an asymptotic series for the 'true' (or better, 'obtimal') mean-field. The perturbation series for Ω defined by associating with each order N the corresponding U II N , i.e.,
may be seen to conjoin the mean-field expansion and the expansion for Ω in an ideal way. At each new order, not only is new information about 'correlations' included, but this information automatically improves the reference Hamiltonian. The order-by-order results of this series systematically converge towards the most precise perturbative expression for Ω, in contrast to calculations that use the same fixed reference basis at each order. It appears natural to conclude that this particular perturbation series is (at least formally) the optimal one for numerical calculations of thermodynamic potentials near or at the degenerate limit, in particular perturbative nuclear matter calculations [35, [41] [42] [43] [44] .
24 23 In contrast to the case of U II N (and (U III N ), (i) the definition of −U I N includes anomalous contributions and (ii) excludes contributions where the functional derivative acts on articulation lines (since such contributions would correspond to reducible self-energy diagrams). 24 To add a point outside the main line of development: concerning the explicit form of the expressions for thermodynamic quantities in MBPT, a noteworthy result for two-species systems is that the dependence of thermodynamic potentials on the species-asymmetry parameter δ (either a ratio of densities or of chemical potentials) is nonanalytic for low values of {T /µ, ∆, V −1 , δ 0 } (where V is the confining volume, and δ 0 is the expansion point), a feature that reveals itself only beyond the quadratic order in δ [12, [45] [46] [47] . This result was obtained for 'standard' MBPT, but from the underlying mechanism that produces the nonanalyticity it can be expected that it persists the introduction of a self-consistent mean-field. (It is known to persist the resummation of ladder diagrams [12] ). What is not really clear is whether this feature persists for all MBPT associated methods (SCGF, coupled-cluster, etc.), and of course, whether it is reflective of the behavior of the 'exact solution'.
